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It is known that redistributing wealth from the rich to the poor tends to increase
consumption in an economy. This is because when people’s incomes are lower they
typically spend a larger percent of that income. This increase in consumption, however,
must be accompanied by an equivalent decrease in savings, if savings equals investment.
And if investment is the mechanism by which an economy grows, this must therefore
have an effect on the growth of that economy. This paper deals strictly with the effects
on long-term economic growth brought about by a change in income distribution. The
purpose of this work is to examine some of the often overlooked long term effects that an
increase in spending of this type could have on the economy. In particular, the adverse
effect on the growth rate of capital (and thereby output) and the danger of an economy
approaching a steady state with zero output.

Literature Review

Robert Solow created a very useful basic model for growth in 1957 with
“Technical Change and the Aggregate Production Function.”' This model is of a special
case incorporating a number of assumptions. One of which is that conditions in the
economy are such that at every level of output the rate of savings is constant. The model
discussed in this paper uses the same structure as the Solow model but without that
assumption. Instead, the savings rate is allowed to vary as a function of the income
distribution. This is therefore a slightly more general model.

In this model any individual’s savings rate is assumed to be an increasing function
of income. This requires the assumption of diminishing marginal utility of consumption
which has been widely accepted since Bentham wrote in 1780:
“Of two persons having unequal fortunes, he who has most wealth must by a legislator be
regarded as having most happiness. But the quantity of happiness will not go on
increasing in anything near the same proportion as the quantity of wealth-ten thousand
times the quantity of wealth will not bring with it ten thousand times the quantity of
happiness. It will even be matter of doubt, whether ten thousand times the wealth will in
general bring with it twice the happiness. The effect of wealth in the production of
happiness goes on diminishing, as the quantity by which the wealth of one man exceeds
that of another goes on increasing: in other words, the quantity of happiness produced by
a particle of wealth (each particle being of the same magnitude) will be less at every
particle; the second will produce less than the first, the third than the second, and so on.”

From this idea, there is one more assumption required to get a consumption function as a
function of income with a negative second derivative. This is to assume that the rate at
which marginal utility is diminishing is greater for consumption than for savings (since
all income is ultimately destined for consumption at some point it is only a question of
whether it is now or later). This seems reasonable because future income is uncertain and
it is probable that someone who is risk averse, as their income rises and marginal utility
of consumption now (which is certain) falls, would defer a larger and larger percentage of
their income into the future where income and consumption are not certain.

The Model
The logic behind the model is simple. If the marginal propensity to consume
decreases as a man’s income increases, then a larger percentage of each additional dollar
of income earned is spent by a poor man than by a rich man. Therefore, consumption is
maximized at a perfectly even income distribution. If total income remains constant, then
shifting that income from one group (who become poorer) to another (who become

richer) will decrease total consumption. The least possible level of consumption would
be achieved if one person had all of the income.
If these assumptions are true then it can be inferred that the average marginal
propensity to consume of the population as a whole is a function of the income
distribution (other variables being held constant). This would mean that income
distribution can be included as a factor in the closed economy growth model. Of course
in order to do this, one must first establish a framework in which “income distribution”
can take the form of a simple numeric value. This is done by dividing the members of
the economy into two groups. The total income of each group is defined to be .5Y for
each group and all members within a group receive an equal share of their group’s
income. Income distribution is then shifted by changing the proportion of the total
population in each group. The proportion of people in group one is represented by v|/
(which leaves the proportion in group two equal to 1 - v|/). For instance, if there are 100
people in the economy, Y = 1000 and \|/ = .5, then each group contains 50 people and
there is perfectly even income distribution with each person’s income equal to 10. If v|/ =
.01 (or .99), then one person has an income of 500 and everyone else has a per capita
income of 500/99. This roughly approximates what an income distribution might look
like as it gets more and more uneven with wealth concentrating in the hands of fewer and
fewer people.
It is then assumed that there is some range of income over which someone will
consume 100% of that income. The upper bound of this range is referred to as
“autonomous consumption” and denoted a for individuals and A for the aggregate. So
the fraction of income consumed is assumed to be 100% over this range and then

becomes a decreasing function of discretionary income (y-a). This function takes the
form (l+y-a)*** for values of (p between 0 and -1. This function is decreasing constantly
but always positive. Multiplying this function by discretionary income yields
discretionary spending: D = (Y-A)( 1 H-y-a)*’’, and total consumption is equal to D + A if
Y>A. If Y<A then consumption is assumed to be equal to Y (in other words it is
assumed that people cannot spend more than their income). The production function for
the economy as a whole takes the form Y=K“L‘'“. The savings function for the economy
as a whole is: Y-A1-D1-A2-D2 where Ai is autonomous consumption of group one, Di is
discretionary consumption of group 1, A2 is autonomous consumption of group 2 and D2
is discretionary consumption of group 2. If vj/ is the proportion of the population in group
1 then :
Y=K“L''“
ot I*a
Al = y A if .5 K“L*'®> Vj/ A otherwise .5K“L

Ot 1-a

A2 = Vj/ A if .5 K“L*'®> \|/ A otherwise .5K“L
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D2 = (.5K°L''“-(1->|/) A)
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if .5

(l-vj/) A > 0 otherwise 0

The most notable difference between this model and the original Solow’ model is
that the savings curve is s-shaped. It is zero until Y=A then increasing at an increasing
rate for some range and then leveling off and eventually approximating the shape of the
savings curve in the Solow* model. This creates the possibility of the savings curve
intersecting the depreciation curve at 0, 1, or 2 points with 2 being the most likely (zero

or one could only happen in an economy that would never grow). The higher of these
two points would be comparable to the traditional steady state. The lower of the two,
however, would be an unstable steady state because depreciation would be higher than
savings below the point and savings would be higher than depreciation above the point.
This means that a slight increase from this equilibrium would cause the economy to grow
to the normal steady state. Conversely, a slight decrease from this point would cause the
economy to decay to zero (technically a third steady state).

Results

Three possible savings curves where \j/i >v|/2 > y3 ^ -5 and 5 = depreciation are
illustrated in the graph below:
Figure 1: Possible Savings Curves
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It is clear that this increase in y has several effects. The most obvious is that
savings is greater for every value of K for which savings is non-zero. This is expected
because consumption will be lower for every value of K when y is higher (y> .5).
Second it shrinks the range over which savings = 0. This is because if a few people have
incomes which are much higher than the rest of the population, their income will reach a
point above their autonomous spending level earlier and their savings will be positive
while the rest of the population’s is 0. The third effect is that after the negative-growth
range of K, the rate of growth is increasing more rapidly in the economy with a less even
income distribution and the range over which the graph is concave up is much smaller.
This means that the savings curve Si approximates that of the standard Solow growth
model more closely than the other two.
Figure 1 could represent the levels of savings for y i=.9, y2=.75 and y3=.5 in an
economy where L=100, a=l, (p=-.5, Y=K^L^ and 5=.1K, Note that when y = .5, savings
is never higher than depreciation which means this economy would never grow. P2 has
an unstable equilibrium at K = 347. For values of K lower than this growth will be
negative and for values higher it will be positive until the second equilibrium at 1,707.6
which will be a stable equilibrium. It must be assumed then that an economy starts with
some positive capital or no economy would exist. Of course this is no assumption that
does not have to be made for the existing model as well and it is fairly easy to make the
case that natural resources in their most basic form can represent some form of capital in
a crude economy. Then, once the economy is going, it can never fall below that level
without suffering a permanent economic melt-down which could only be reversed by
some miraculous infusion of capital or a change in the structure of the economy.

One such change is the income distribution. It has already been shown that given
the assumptions set out earlier, changing the income distribution can increase production.
The more important effect of this shift, however, is the change in the shape of the savings
curve. As seen in the graph of Pi with v|/ = .9, the critical level of K is only 8.9 and the
steady state level is 2,723.8. So a more uneven income distribution can make the
economy more stable and less vulnerable to a devastating shock as well as increasing the
growth rate and the ultimate steady state level. This is because if some people in the
economy are very wealthy it will take a much more severe reduction in income to stop
them from saving. In this way, the wealthy are a kind of safeguard against total
economic collapse.
A golden rule of income distribution can be derived in the same way as the golden
rule of savings in the Solow model. In this case it will represent the specific income
distribution which maximizes consumption at the highest steady state level. This is done
by setting the derivative of income equal to the derivative of depreciation. In this model
this occurs when K=2500, Y=500 and both savings and consumption are 250. When a K
value of 2500 is plugged into the steady state equation (savings equals depreciation) it
yields a golden rule value of v|/ for this particular economy of either .129 or .871 which
are in fact the same distribution except for which group is rich and which is poor.

Discussion and Conclusions
It is important to note that the golden rule level of income distribution may or
may not be the ideal situation depending on one’s personal outlook. To take a true
utilitarian approach, would require defining a utility curve as a function of consumption,

finding an equation to represent the utility of each group for any value of v|/ and
maximizing the sum of the two groups’ utilities. This is because if rich people derive less
utility from their marginal consumption (an important assumption when setting up this
model) then it is possible (and in fact likely) that the golden rule as defined here would
yield a value of v}/ which is farther from .5 than that which would maximize total utility in
the steady state. In practical terms: taking away some income from the rich and giving it
to the poor, while decreasing total consumption at the steady state, would actually
increase total utility because the utility gained by the poor who gain the smaller amount
of consumption would still be greater than the corresponding loss of utility from the rich
who lose a larger amount of consumption. That however is beyond the scope of this
paper and will be left for further study.
Also, in order to make income distribution a function of one variable, the possible
distributions taken into account by this model were severely limited. Obviously most
economies will have more than two income levels. For this reason the actual value of \|/
is not particularly useful in terms of practical application. The point of this model is
rather to illustrate a couple of fundamental ideas.
First, there is some range of capital over which an economy will have negative
growth because incomes will not be high enough to induce a level of savings which is
greater than the loss of capital due to depreciation. An economy must avoid falling
below this level or it will risk a state of perpetual poverty, and in order for an economy to
get out of this state it must be propelled beyond that threshold, otherwise it will fall
backward again instead of moving forward.

Second, that income distribution affects the growth pattern of an economy. This
means that shifting income distribution will shift the level of both the steady state and the
critical point. A more skewed income distribution (shifting income from the poor to the
rich) yields a lower critical level and a higher steady state level. This means there may be
some desirable level of income inequality in an economy. This is not to say that
governments should begin robbing the poor and giving to the rich but that policy makers
should be careful not to get too carried away in redistributing wealth from the rich to the
poor.
Perhaps more importantly, this concept should be kept in mind when trying to aid
other economies who are underdeveloped. For instance, if an economy is in a state which
is near the zero-output economy, then giving money to the people who “need it the most”
certainly seems like the most humanitarian thing to do because it will keep them alive a
little while longer. It is unlikely however, (unless it is a very large amount) to generate
any significant capital and propel the economy beyond the critical level to a state in
which it can grow naturally. Conversely, a few wealthy people in any economy
(provided they invest their money in that economy, which may not be reasonable to
assume) will generate capital and therefore could put the economy back in a healthy
pattern of growth.
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